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Nucleon-nucleon interactions, both bare and effective, play an important role in our understanding of the non-
perturbative strong interaction, as well as nuclear structure and reactions. In recent years, tremendous efforts
have been seen in the lattice QCD community to derive nucleon-nucleon interactions from first principles.
Because of the daunting computing resources needed, most of such simulations were still performed with larger
than physical light quark masses. In the present work, employing the recently proposed covariant chiral effective
field theory (ChEFT), we study the light quark mass dependence of the nucleon-nucleon interaction extracted
by the HALQCD group. It is shown that the pion-full version of the ChEFT can describe the lattice QCD
data with mpi = 469 MeV and their experimental counterpart reasonably well, while the pion-less version can
describe the lattice QCD data with mpi = 672, 837, 1015, 1171 MeV, for both the 1S 0 and 3S 1-3D1 channels. The
slightly better description of the single channel than the triplet channel indicates that higher order studies are
necessary for the latter. Our results confirmed previous studies that the nucleon-nucleon interaction becomes
more attractive for both the singlet and triplet channels as the pion mass decreases towards its physical value.
It is shown that the virtual bound state in the 1S 0 channel remains virtual down to the chiral limit, while the
deuteron only appears for a pion mass smaller than about 400 MeV. It seems that proper chiral extrapolations
of nucleon-nucleon interaction are possible for pion masses smaller than 500 MeV, similar to the mesonic and
one-baryon sectors.
PACS numbers:
I. INTRODUCTION
Chiral effective field theories have played an important role
in our understanding of the non-perturbative strong interac-
tion [1–4]. In particular, they have provided a modern theo-
retical tool to describe nucleon-nucleon interactions, the so-
called chiral nuclear forces [5, 6]. Nowadays high-precision
chiral nuclear forces [7–10] are widely used as inputs in ab
initio methods to study nuclear structure and reactions [11–
13]. More recently, there are increasing interests and efforts
in the lattice QCD community to derive nucleon-nucleon (and
more generally baryon-baryon) interactions using quark and
gluon degrees of freedom [14]. In addition to providing a
non-trivial check on the underlying theory QCD [15], poten-
tials derived from lattice QCD simulations can also be used
to constrain chiral nuclear forces as well as provide inputs to
nuclear structure studies in the unphysical world [16–18].
Lattice QCD simulations have been traditionally performed
with larger than physical light quark masses, finite lattice
spacing and volume. As a result, multiple extrapolations are
needed to obtain physical results. The extrapolation in quark
masses are often referred to as chiral extrapolations. It has
been well established in the mesonic and one-nucleon sec-
tors that chiral extrapolations are reliable at least for rela-
tively small pion masses (for chiral extrapolations of baryon
masses and magnetic moments, see, e.g., Refs. [19, 20]). As
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for the baryon-baryon sector, the situation is quiet different.
In the case of chiral extrapolations, very few explicit studies
have been performed, and not all of them try to relate simu-
lations performed with different light quark/pion masses [16–
18]. Though in the present work we focus on chiral extrap-
olations, we note that recently finite volume effects in multi-
nucleon systems have been studied [21].
In Refs. [22, 23], we have studied the S = −1 and S = −2
hyperon-nucleon and hyperon-hyperon interactions obtained
in lattice QCD simulations [24–27]. It was shown that the
leading order ChEFT can describe lattice QCD data reason-
ably well, and meanwhile yield results consistent with ex-
perimental data. In the present work, we extend the leading
order ChEFT to study the nucleon-nucleon interactions ob-
tained in Ref. [28]. Our purpose is twofold. First, we hope
to check whether the covariant ChEFT can describe simulta-
neously experimental nucleon-nucleon phase shifts and their
lattice QCD counterparts. Though it may seem trivial, this has
not been performed in a way similar to corresponding studies
in the mesonic or one-baryon sector. Second, for large pion
masses, we would like to see whether its pion-less version can
succeed in describing the lattice QCD data. It should be noted
that ChEFT can also be used to test the consistency of lattice
QCD simulations (see, e.g., Ref. [29] for a recent application
from such a perspective).
This paper is organized as follows. In Sec. II, we briefly in-
troduce the covariant ChEFT approach relevant to the present
study. Fitting to the lattice QCD data is performed in Sec. III,
followed by discussions, and we summarize in Sec. IV.
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2II. THEORETICAL FRAMEWORK
The ChEFT we employ in the present work is described in
detail in Refs. [30–33]. Here we only provide a concise intro-
duction and relevant formulation needed for chiral extrapola-
tions.
At leading order, the covariant chiral potential in the pion-
full version can be written as
VLO = VCT + VOPE (1)
where VCT represents contact contributions and VOPE denotes
one-pion exchanges. The contact contributions are described
by four covariant four-fermion contact terms without deriva-
tives [32], namely.
VCT = CS (u(p′ , s′1)u(p, s1))(u(−p′ , s′2)u(−p, s2))
+ CV (u(p′ , s′1)γµu(p, s1))(u(−p′ , s′2)γµu(−p, s2)) (2)
+ CAV (u(p′ , s′1)γ5γµu(p, s1))(u(−p′ , s′2)γ5γµu(−p, s2))
+ CT (u(p′ , s′1)σµνu(p, s1))(u(−p′ , s′2)σµνu(−p, s2))
where p and p′ are initial and final three momentum, s1(s′1),
s2(s′2) are spin projections, CS ,V,AV,T are LECs, and u(u) are
Dirac spinors,
u(p, s) = NP
(
1
σ·p
EP+M
)
χS NP =
√
EP + M
2M
(3)
with χS being the Pauli spinor and EP(M) being the nucleon
energy (mass). The one-pion-exchange potential in momen-
tum space reads
VOPE(p′, p) = −(g2A/4 f 2pi ) × (u(p′ , s′1)τ1γµγ5qµu(p, s1))
× (u(−p′ , s′2)τ2γµγ5qνu(−p, s2))
/ ((Ep′ − Ep)2 − (p′ − p)2 − m2pi) (4)
where mpi is the pion mass, τ1,2 are the isospin matrcies, gA =
1.26, and fpi = 92.4 MeV. Note that the leading order covariant
potentials already contain all the six spin operators needed to
describe nucleon-nucleon scattering.
The contact potentials can be projected into different partial
waves in the |LS J〉 basis. In the present work, we are only in-
terested in the 1S 0 and 3S 1-3D1 channels. The corresponding
partial wave potentials read
V1S 0 = ξN[C1S 0(1 + R2pR
2
p′ ) + Cˆ1S 0(R
2
p + R
2
p′ )], (5)
V3S 1 =
ξN
9
[C3S 1(9 + R2pR
2
p′ ) + Cˆ3S 1(R
2
p + R
2
p′ )], (6)
V3D1 =
8ξN
9
C3S 1R2pR
2
p′ , (7)
V3S 1−3D1 =
2
√
2ξN
9
[C3S 1R2pR
2
p′ + Cˆ3S 1R
2
p], (8)
V3D1−3S 1 =
2
√
2ξN
9
[C3S 1R2pR
2
p′ + Cˆ3S 1R
2
p′ ], (9)
where ξN = 4piN2pN
′2
p ,Rp = |p|/(Ep + M),Rp′ = |p′ |/(Ep′ + M).
A few remarks are in order. First, compared to the leading or-
der Weinberg approach, there are two LECs for the 1S 0 chan-
nel, and two for the 3S 1 channel, instead of only one for the
1S 0 channel and one for the 3S 1 channel. Second, the two
LECs for the 3S 1 channel are also responsible for the 3D1
channel and the mixing between 3S 1 and 3D1. Such a feature
enables the rather successful description of the phase shifts of
both1S 0 and 3S 1 - 3D1 up to laboratory energies of about 300
MeV [30, 33].
The LO contact potentials given above do not contain ex-
plicit pion mass dependent contributions, which are neces-
sary if one wants to study the pion-mass dependence of lat-
tice QCD nuclear forces. Because m2pi are counted as of O(q2),
inclusions of such terms require one go to at least the corre-
sponding order in the momentum expansion. At such an order,
however, the ChEFT has too many LECs [32] which cannot be
fixed by the limited lattice QCD data of Ref. [28]. As a result,
we only add two pion-mass dependent terms in the 1S 0 and
3S 1 potentials but keep the momentum expansion at the lead-
ing order, similar to, e.g., Ref. [34]. The resulting LECs then
read, explicitly,
C1S 0 → C1S 0 +Cpi1S 0m2pi, (10)
Cˆ1S 0 → Cˆ1S 0 + Cˆpi1S 0m2pi, (11)
C3S 1 → C3S 1 +Cpi3S 1m2pi, (12)
Cˆ3S 1 → Cˆ3S 1 + Cˆpi3S 1m2pi. (13)
In principle, we could also take into account the fact that in
the one-pion exchange contributions the LECs, gA and fpi, are
pion-mass dependent as well, as done, e.g., in Ref. [35]. How-
ever, we find that the limited lattice QCD data do not allow
one to fully disentangle such contributions from the contact
terms. As a result, in our pion-full theory, we use the physical
values for gA and fpi.
Once the chiral potentials are fixed, we solve the relativistic
Kadyshevsky scattering equation [36] to obtain the scattering
amplitudes,
T (p′ , p) = V(p′ , p) +
∫
dp′′p′′2
(2pi)3
V(p′ , p′′)
× M
2
N
2E2p′′
1
Ep − Ep′′ + i T (p
′′ , p). (14)
To avoid ultraviolet divergence, we need to introduce a form
factor of the form f (p, p′) = exp[−p
2n−p′ 2n
Λ2n
] with n = 2 and Λ
3the corresponding cutoff, which is often determined by fitting
to data. If the EFT is properly renormalized, physical results
should be independent of the corresponding form factor and
the related cutoff. At this stage, there are still heatly discus-
sions about this issue. For a relevant discussion in the co-
variant ChEFT, see Ref. [33]. In the present work, we simply
treat the cutoff Λ as a parameter and let its value determined
by data.
III. RESULTS AND DISCUSSIONS
In Ref. [28], nucleon-nucleon interactions are simulated
with five different light quark masses. The corresponding pion
and nucleon masses are given in Table I. The pion mass ranges
from 469 MeV to 1171 MeV and the corresponding nucleon
mass changes from 1161 MeV to 2274 MeV. Clearly for large
light quark masses, the ChEFT with explicit pion exchanges
is not supposed to work, because as the pion mass increases,
its range becomes shorter and it is harder to be distinguished
from the contributions of contact terms. Though it is difficult
to pin down precisely where one should replace the pion-full
theory with the pion-less theory, we choose a pion mass of
about 500 MeV. [43] In other words, we will study the lattice
QCD data with mpi = 469 MeV by the pion-full theory and
those with larger pion masses, mpi = 672, 837, 1015, and 1171
MeV by the pion-less version, where in practice we simply
turn off one-pion exchange contributions.
TABLE I: Pion and nucleon masses (in units of MeV) of lattice QCD
simulations [28] studied in the present work.
mpi 469 672 837 1015 1171
MN 1161 1484 1749 2031 2274
A. 1S 0 in the pion-full theory
First we focus on the 1S 0 channel.To study the feasibility of
proper chiral extrapolations in the nucleon-nucleon sector, we
first fit to the experimental phase shifts and the lattice QCD
ones obtained with mpi = 469 MeV. We realized that the ex-
perimental data and the lattice QCD data alone are not enough
to fix all the four LECs and the cutoff. A very good fit can al-
ready be obtained with only three of them, namely,C1S 0,Cpi1S 0,
and the cutoff. The best fitting results are shown in Fig. 1 and
the corresponding LECs and cutoff are given in Table II.
TABLE II: Values of the LECs of the best fit to the Nijmegen anal-
ysis and lattice QCD simulations with mpi = 469 MeV for the 1S 0
channel.
C1S 0 [MeV−2] Cpi1S 0 [MeV
−4] Λ [MeV]
0.046 0.119E-06 680
FIG. 1: 1S 0 phase shifts of the Nijmegen analysis and lattice QCD
simulations with mpi = 469 MeV in comparison with the covariant
ChEFT fits.
Clearly, the covariant ChEFT can provide a quite good de-
scription of both the experimental data and lattice QCD data
simultaneously. This suggests that if more lattice QCD data
with pion masses between 469 and 139 MeV are available,
one should be able to perform reliable extrapolations to the
physical point, similar to the cases of mesonic and one-baryon
sectors. Such a finding is indeed very encouraging. In addi-
tion, the cutoff value of the best fit, about 680 MeV, looks very
reasonable. As we will see, in the 3S 1 - 3D1 channel things are
a bit different.
B. 3S 1 - 3D1 in the pion-full theory
Now we turn to the 3S 1 - 3D1 channel. As we already
briefly mentioned in Sec. II, the covariant ChEFT can de-
scribe the 3S 1 - 3D1 channel already at leading order, though
at a price, i.e., the same two LECs are responsible for the
3S 1,3D1, and their mixing angle. At the physical point, these
two LECs are able to describe the Nijmegen phaseshifts rea-
sonably well [30, 33]. The situation is a bit different in the
present case. First, we notice that the best fit to the physi-
cal and lattice QCD phase shifts yields a cutoff of about 300
MeV, which is a bit too small given the fact the lattice QCD
pion mass is 469 MeV. Therefore, we decide to fix the cutoff
to some specified values and study to what extent one can de-
scribe simultaneously the experimental and lattice QCD phase
shifts. We choose four cutoff values, 500 MeV, 1000 MeV,
1500 MeV, and 2000 MeV for such a purpose. Furthermore,
for the triplet channel case, we only fit to those lattice QCD
simulations of Tlab. < 40 MeV, different from the singlet chan-
nel case, as it is impossible to obtain a good fit to all the lattice
QCD data. This fitting strategy will also be employed for the
pion-less case in the following subsection.
The results are shown in Fig. 2. It seems that for larger
cutoff values, the 3S 1 and 3D1 phase shifts can be described
relatively well, at least up to Tlab. ≈ 40 MeV . On the other
4hand, the lattice QCD mixing angle E1 stays very close to its
experimental counterpart, which cannot be fully reproduced
by the leading order covariant ChEFT [44]. Though this could
be an artifact due to the strong constraint that the same two
LECs are responsible for the three observables, the relative
insensitivity of E1 on the light quark masses needs to be better
understood in the future. Another interesting observation is
that as the pion mass increases, the magnitude of both the 3S 1
and the 3D1 phase shifts decrease, to such a point that for mpi =
469 MeV the deuteron becomes unbound, as already noticed
in Ref [28].
TABLE III: Values of the LECs of the various fits with different
cutoffs to the Nijmegen analysis and lattice QCD simulations with
mpi = 469 MeV for the 3S 1 - 3D1 channel.
C3S 1 [MeV−2] Cpi3S 1 [MeV
−4] Λ [MeV]
0.761E-04 -0.189E-09 500
-0.815E-04 0.609E-11 1000
-0.118E-02 -0.375E-08 1500
-0.327E-02 -0.267E-07 2000
C. 1S 0 and 3S 1 scattering lengths
Once the relevant LECs are determined in the pion-full the-
ory, we can study the evolution of physical observables as a
function of the pion mass. In Fig. 3, we show the scattering
lengths for the 1S 0 and 3S 1 channels as functions of the pion
mass with the LECs tabulated in Tables II and III. First, we
notice that the experimental data are reproduced quite well,
though they are not explicitly fitted, reflecting that the descrip-
tions of experimental phaseshits close to threshold are reason-
ably good. Second, for the 1S 0 channel, though the interaction
becomes more attractive for mpi smaller than its physical value,
it does not become strong enough to generate a bound state.
In addition, the interaction strength reaches the largest around
mpi ≈ 80 MeV and then decreases toward the chiral limit. On
the other hand, for the 3S 1 channel, as expected, a bound state
appears somewhere around mpi = 400 MeV, as indicated by
the “threshold-like” behavior (see, e.g. Ref. [37]). It should
be interesting to compare the present predictions with future
lattice QCD data to deepen our understanding of the strong
nuclear force, particularly, its dependence on the light quark
masses.
We note by passing that though there have been a number of
previous studies on the 1S 0 and 3S 1 scattering lengths in terms
of light quark mass dependences [35, 38–42], we refrain from
a detailed comparison with their results due to the different
inputs used and different strategies taken to perform the light
quark mass evolution. Nonetheless, it is interesting to note
that our predicted scattering lengths in the chiral limit seem to
agree with those of Ref. [42], at least qualitatively.
D. 1S 0 and 3S 1-3D1 in the pion-less theory
Next we would like to study the lattice QCD simulations
obtained with mpi = 672, 837, 1015, 1171 MeV. As stressed
earlier, for such large pion masses, the pion-less ChEFT is
more suitable. Therefore, we turn off the one-pion exchanges
in solving the Kadyshevsky equation. The results are shown
in Figs. 4 and 5, and Tables IV and V. The pion-less version
of the covariant ChEFT can fit the four lattice QCD simula-
tions rather well, which is somehow unexpected. Again, the
description of the 1S 0 channel is a bit better than that of the
3S 1 - 3D1 coupled channel.
We have checked that it is impossible to fit all the five lattice
QCD data with mpi = 469, 672, 837, 1015, 1171 MeV simulta-
neously by either the pion-full theory or the pion-less theory.
In addition, a naive extrapolation of the pion-less theory to the
physical world does not give reasonable phase shifts in com-
parison with the experimental data.
In principle, these lattice QCD simulations with large pion
masses are of no direct relevance to our understanding of the
physical world. Nevertheless, as mentioned earlier, they can
be used to test theoretical methods and explore what will hap-
pen in a world with a pion mass different from ours [16–18].
TABLE IV: Values of the LECs of the best fit to the lattice QCD
simulations with mpi = 672, 837, 1015, 1171 MeV for the 1S 0 chan-
nel.
C1S 0 [MeV−2] Cˆ1S 0 [MeV−2] Cpi1S 0 [MeV
−4] Cˆpi1S 0 [MeV
−4] Λ [MeV]
0.264E-04 -0.114E-02 -0.987E-11 0.491E-09 730
TABLE V: Values of the LECs of the best fit to the lattice QCD
simulations with mpi = 672, 837, 1015, 1171 MeV for the 3S 1 - 3D1
channel.
C3S 1 [MeV−2] Cˆ3S 1 [MeV−2] Cpi3S 1 [MeV
−4] Cˆpi3S 1 [MeV
−4] Λ [MeV]
0.295E-04 0.219E-02 -0.534E-11 -0.771E-09 360
IV. SUMMARY AND OUTLOOK
We have studied the lattice QCD simulations of nucleon-
nucleon phase shifts together with the experimental data by
the leading order covariant chiral effective field theory. Sup-
plemented with pion-mass dependent low-energy constants,
we showed that the pion-full ChEFT can describe the exper-
imental data and lattice QCD data with mpi = 469 MeV rea-
sonably well such that chiral extrapolations can be carried out
in reasonable confidence, though the description of the 3S 1 -
3D1 coupled channel can still be improved. The relative in-
sensitivity of the 3S 1 - 3D1 mixing angle on the pion mass
remains to be understood. For lattice QCD simulations with
mpi = 672, 837, 1015, 1171 MeV, the pion-less version of the
5FIG. 2: 3S 1 −3 D1 phase shifts of the Nijmegen analysis and lattice QCD simulations with mpi = 469 MeV in comparison with the covariant
ChEFT fits. The solid blue/black circles represent experimental/lattice data fitted, while those empty circles are not included in the fits.
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FIG. 3: 1S 0 (left) and 3S 1 (right) scattering lengths as functions of the pion mass in comparison with the experimental data, a1s0 = −23.7 fm
and a3s1 = 5.4 fm, denoted by stars.
FIG. 4: 1S 0 phase shifts of the lattice QCD simulations with mpi =
672, 837, 1015, 1171 MeV in comparison with the covariant ChEFT
fits.
covariant ChEFT can describe all the four data sets simulta-
neously, which is a bit unexpected. Here, again, we saw a
slightly better performance of the ChEFT in the 1S 0 chan-
nel than that in the 3S 1 - 3D1 coupled channel. The different
performance in the singlet and triplet channels can either be
attributed to the fact the leading order covariant ChEFT is in-
sufficient such that higher order studies are necessary or that
there is something that we do not fully understand in the lat-
tice QCD simulations, i.e., the weak dependence of the mixing
angle on the pion mass.
Nucleon-nucleon interactions, and more broadly, baryon-
baryon interactions play an important role in our understand-
ing of the non-perturbative strong interaction. Lattice QCD
simulations are making impressive progress and start to offer
new insights on many long-standing issues. To make better
use of such valuable simulation results, their dependence on
light quark masses need to be studied in more detail. We have
seen tremendous progress in the mesonic and one-baryon sec-
tors in this regard, and hope that the present work can inspire
more works in the two-baryon sector.
6FIG. 5: 3S 1 - 3D1 phase shifts of the lattice QCD simulations with mpi = 672, 837, 1015, 1171 MeV in comparison with the covariant ChEFT
fits. The solid blue/black circles represent experimental/lattice data fitted, while those empty circles are not included in the fits.
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